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Abstract 
 
Inverse analysis is a method for determining material parameters by minimizing the difference between experimental and the finite 

element (FE) simulated results, such as the load-stroke curve and barreling shape of a deformed specimen using an optimum design tech-
nique. In this study, ring compression tests were conducted to predict the flow stress of materials and interfacial friction conditions. Cyl-
inder compression tests were conducted under the same process conditions to estimate the validity of the data obtained from the ring 
compression tests. By comparing the experimental results with the FE simulated results, it was confirmed that flow stress and the interfa-
cial friction condition obtained from the ring compression tests, as well as their inverse analysis, are quite reasonable. The validity of both 
the flow stress function and the interfacial friction condition using the above procedures was verified by the experiments. 
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1. Introduction 

Rheological features, such as the flow stress of a material 
and the friction conditions in metal forming processes, are 
important issues that must be considered during the design 
process; they affect the forming characteristics of materials. 
Recently, the finite element (FE) simulation of a metal form-
ing process has enabled reductions in the cost and time by 
predicting the results of real forming processes. The accuracy 
of the FE simulated results depends on the precision of the 
information, such as the flow stress of the materials and the 
interfacial friction condition. However, it is still difficult to 
accurately express them in hot working conditions. When 
predicting the results of real processes through the FE simula-
tion, it is important to determine the above parameters. 

Nowadays, a new method called inverse analysis has been 
proposed for determining the material properties. The general 
concept of this method is based on a combination of the FE 
simulation of selected material tests and the experimental 
measurement of the parameters, such as the force or torque. 

In this paper, inverse analysis was applied to determine the 
flow stress of materials and the interfacial friction condition in 
hot forming processes. Many researchers had performed stud-

ies using inverse analysis, which minimizes the difference 
between the experimental and the FE simulated results in de-
termining the flow stress of materials and the friction condi-
tion [1-5]. In order to evaluate the friction conditions precisely, 
many researchers conducted studies about the barreling shape 
of a deformed specimen in a cylinder compression test. The 
friction conditions could be determined by applying an upper 
bound method including unknown coefficients to the cylinder 
compression test [6-8]. In order to better understand the char-
acteristics of the friction conditions, a geometrical model of 
the barreling shape of the deformed specimen was developed, 
and its validity was verified by comparing it with the experi-
mental results [9-16].  

In this paper, on the basis of the reliability of inverse analy-
sis, the unknown coefficients of a new flow stress function 
proposed by Kim and Choi [17] and the interfacial friction 
conditions were determined. They were verified by ring and 
cylinder compression experiments. 
 

2. Theoretical background 

2.1 Flow stress function 

Several researchers have attempted to mathematically express 
the flow stress of a material in hot working conditions [18-22]. 
However, they required the microstructural information of the 
materials. Therefore, these methods are not efficient since com-
plicated and many experiments were conducted to obtain the 

† This paper was recommended for publication in revised form by Associate Editor
Youngseog Lee 

*Corresponding author. Tel.: +82 2 705 8635, Fax.: +82 2 712 0799 
E-mail address: nskim@sogang.ac.kr 

© KSME & Springer 2010 



640 K. Shin et al. / Journal of Mechanical Science and Technology 24 (2010) 639~648 
 

 

microstructural information of materials. 
On the other hand, the flow stress function proposed by 

Kim and Choi [17] can describe metal flows accompanied 
with phenomena such as dynamic recrystallization and recov-
ery at high temperatures without microstructural access. This 
flow stress function includes the modified Zener-Hollomon 
(Z' ) parameter, which adds unknown coefficients to the tem-
perature and strain-rate terms of the existing Zener-Hollomon 
(Z) parameter to increase its temperature and strain-rate sensi-
tive. 

This paper used the above flow stress function and it is de-
fined as follows: 
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where ε  is the effective strain, ε  is the effective strain rate, 
Z' is the modified Zener-Hollomon parameter, T is the tem-
perature in K, R is the gas constant, and n, m, k, p, and a0–a7 
are the unknown coefficients determined by inverse analysis. 
The apparent activation energy Qdef for hot deformation in Z' 
was calculated from the measurements of loads using a sim-
plified graphical method, described in Ref. 23. The activation 
energy Qdef of materials was different. However, 483000 
kJ/mol, the known average value, was used instead. 
 

3. Methodology 

3.1 Inverse analysis algorithm 

The 12 unknown coefficients in Eqs. (1) and (2) were de-
termined by minimizing the difference in the load-stroke data 
between the experimental and FE simulated results using in-
verse analysis. The numerical method used in the inverse 
analysis is an optimum technique. 

In order to apply the inverse analysis, the design parameters 
and the object function must be established preferentially. The 
flow stress of the materials and the interfacial friction condi-
tion were predicted by the axisymmetric ring compression 
tests. The object function that was minimized has the follow-
ing form: 
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where x1, x2, …, xk are the rheological parameters, n is the total 
number of sampling points in the measurements, the subscript i 
is the number of measurements, and Fi

m and Fi
c are the measured 

and calculated loads at a given i, respectively. 

 
3.2 Procedure for flow stress function determination 

In this study, the object function in Eq. (4) was modified in 
order to reflect the effect of the compression velocity affecting 
the deformation behavior of the material in Eq. (3) [24]. Com-
pression tests were conducted with two different compression 
velocities for each temperature, and isothermal condition was 
assumed during compression. In other words, after conducting 
the compression tests with two different velocities V1 and V2 at 
the same temperature, the difference between two load-stroke 
data obtained from tests and the results of FE analysis were 
minimized simultaneously, 
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where Fij

m and Fij
c are the measured and calculated loads, re-

spectively. Ns is the number of sampling points. By minimiz-
ing the above object function, the unknown coefficients in the 
flow stress function were determined. The gradient method 
including the golden section search and conjugate gradient 
method were considered for minimizing the object function 
[25]. Its convergence criteria were indicated if 
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where s is an iteration number and ε1 and ε2 are the specified 
tolerances, both 0.001. 

 
3.3 Procedure for interfacial friction condition determina-

tion 

The interfacial friction is one of dissipation of energy that it 
generates heat and the accompanied rising of temperature 
could have serious influence on the overall forming process. 
Since free behaviors of the contact surfaces are interrupted by 
the friction, the friction has an effect on the deformation be-
havior of the material and a forming load in the metal forming 
process. Therefore, the interfacial friction should be consid-
ered in order to determine the precise flow stress.  

In this paper, the friction factor (mf) was used as the factor 
describing the interfacial friction condition. The ring compres-
sion test is one of the methods measuring the friction factor 
and is especially used in the plastic forming process. This test 
determined the interfacial friction condition by measuring the 
barreling of the material after compressing the ring specimen. 
In order to determine the friction conditions, the inverse 
analysis was employed. After extracting and discretizing the 
outer shape of the barreling of the compressed specimen, the 
friction was determined by minimizing the difference between 
the extracted shapes from the experiment and simulation re-
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sults. The reason for using only the outer shape of the barrel-
ing is the difficulty in measuring the inner shape of the barrel-
ing. In applying the inverse analysis, the variable is the friction 
factor and the object function is minimized and has the follow-
ing form: 
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where Am

OR and Ac
OR refer to the area enclosed by the meas-

ured and calculated outer radius, respectively. The friction 
factor was determined by using the optimization technique, 
which is equal to the method used in minimizing Eq. (4). Its 
convergence criteria were indicated if 
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where s is an iteration number and ε3 and ε4 are the specified 
tolerances, both 0.001. 

Digital image processing techniques (Sobel edge- detection 
algorithm) were used for extracting the barreling shape of the 
specimen [26]. The coordinates of the extracted image were 
plotted using the cubic-spline curves of the measured and 
calculated outer barreling shapes. 

 
3.4 Total algorithm for inverse analysis 

Fig. 1 shows the total algorithm of the inverse analysis. As 
the friction factor is an arbitrary constant, the unknown coeffi 
cients of the flow stress function were determined by minimiz- 

 
 

 
 
Fig. 1. Flow chart of the determination of the flow stress and the fric-
tion factor by inverse analysis. 

ing the difference of load-stroke data between experimental 
and FE simulation results. After the determined coefficients of 
flow stress function were fixed, the friction factor was deter-
mined by minimizing the difference in the areas enclosed by 
two cubic-spline curves of the measured and calculated outer 
barreling shapes. Since the load-stroke data were changed 
with changing the friction factor, the flow stress should be 
determined again. Then, the unknown coefficients of the flow 
stress function determined from the previous iteration were 
used as the initial values of the coefficients of the flow stress 
function in the present iteration. The computing time de-
creased definitely as compared with the previous iteration 
because the change in the load data by the friction factor was 
not large. By repeating the above process, the flow stress and 
the interfacial friction condition, which minimized the differ-
ence in load-stroke data and the shape of barreling between 
the experiment and the FE simulation results, can be deter-
mined simultaneously. 
 

4. Experiment setup and conditions 

4.1 Specification of the work piece and compression ma-
chine 

In the experiment, the size of the used ring specimens is 
shown in Fig. 2, and the compression rate was 50%. In order 
to verify the flow stress and the interfacial friction conditions 
drawn by the ring compression tests, cylinder compression 
tests were conducted using the same materials. The size of the 
cylinder specimens is shown in Fig. 3. The equipment used in 
the compression test at high temperatures was SGA-GP1000 
(Fig. 4), which can be heated up to 1400° C and whose maxi-
mum load is 1000 kN. 

 

 
                          (a)                                                      (b) 
 
Fig. 2. Size of the ring specimen: (a) before compression and (b) after 
compression. 

 

 
                             (a)                                                  (b) 
 
Fig. 3. Size of the cylinder specimen: (a) before compression and (b) 
after compression. 
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4.2 Experimental conditions 

Two types of materials were used in the experiment. The 
purpose of this study was to determine the material properties 
that are acquired to predict the results of the real forming 
process by using the FE simulation. Assuming that informa-
tion about the materials does not exist, the materials were 
designated as material A and Material B. In addition, two 
materials were not operated with the same temperature by FE 
simulation and experiment. Hence, these conditions depict a 
more general situation. The experimental conditions for each 

material are listed in Table 1. 
 
5. Results and discussion 

5.1 Determination of flow stress and interfacial friction con-
dition 

Using the experimental conditions described above, the 
commercially available FEM code DEFORM 2D v8.2 was 
used as the FE simulation program, which was used to mini-
mize the object function based on the load-stroke data. Figs. 5 
and 6 show the load-stroke graph drawn by the ring compres- 

Table 1. Experimental conditions. 
 

Compression velocity 
(mm/sec)  Temperature (℃)

V1 V2 

900 
Material A 

950 
0.2 0.8 

950 
Material B 

1000 
0.2 0.8            

    Fig. 4. Experimental equipment (SGA-1000, compression machine).
 

     
                                                              (a)                                                                                                                 (b) 
 
Fig. 5. Load-stroke curve obtained from experiments (Material A): (a) 900℃ and (b) 950℃. 

 

      
                                                            (a)                                                                                                              (b) 
 
Fig. 6. Load-stroke curve obtained from experiments (Material B): (a) 950℃ and (b) 1000℃. 
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sion tests. Figs. 7 and 8 show that the difference in the load-
stroke curves between the experiments and FE simulations 
was decreased through inverse analysis. Finally, the computed 
and experimental loads were nearly identical, as shown in Figs. 

7 and 8. The above results suggest the flow stress function 
determined by inverse analysis can suitably express the 
rheological phenomenon of each material. 

When minimizing the object function, the selection of the  

 

    

                                                                  (a)                                                                                                     (b) 
 
Fig. 7. Compression of the experimental load-stroke curve and computed curve with V=0.8mm/s (Material A): (a) 900℃ and (b) 950℃. 

 

    
                                                                    (a)                                                                                                       (b) 
 
Fig. 8. Compression of the experimental load-stroke curve and computed curve with V=0.8mm/s (Material B): (a) 950℃ and (b) 1000℃. 

 

    

                                                                  (a)                                                                                                      (b) 
 
Fig. 9. Stress-strain curve obtained from inverse analysis for Eq. (1) and (2). (Material A): (a) 900℃ and (b) 950℃. 
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(a) 

 
(b) 

 
Fig. 10. Stress-strain curve obtained from inverse analysis for Eq. (1) 
and (2). (Material B): (a) 950℃ and (b) 1000℃. 

 
initial value of the unknown coefficients is of importance. In 
particular, an unsuitable initial value may yield a result that 
interferes with the convergence because the object function 
given in Eq. (4) is nonlinear. Therefore, in order to minimize 
the object function rapidly and accurately, an initial value that  
can show a form that is similar to the experimental load-stroke 
curve must be selected even if the absolute magnitude of the 
load-stroke curve is different. Figs. 9 and 10 show the stress-
strain relationship of each material. These were calculated 
from the unknown coefficients that were determined by the 
inverse analysis. 

Fig. 11 shows the result (Material A, T=950° C and V=0.8 
mm/sec) obtained by minimizing the difference in the barrel-
ing shapes of the deformed specimen in order to predict the 
interfacial friction condition. Table 2 lists the friction factors 
determined according to the temperature and the compression 
velocity of each material. 

 
5.2 Verification of determined flow stress and interfacial 

friction condition 

In order to verify the presented methodology and the pre-
dicted flow stress, additional experiments using the same ma-
terials were conducted. Further, the experimental results were  

Table 2. Interfacial friction factor determined by inverse analysis. 
 

Determined friction factor (mf)Material Temperature (℃) 
V1 V2 

900 0.5973 0.5698 A 
950 0.6172 0.5867 
950 0.6128 0.6011 B 
1000 0.6134 0.6052 

 
 Measured Predicted 

A 27.625 mm 27.629 mm 
B 28.693 mm 28.621 mm 

 
Fig. 11. Comparison of barreling shape between the measured and 
predicted shape of the ring at 50% compression for Material A; 
T=950℃ and V2=0.8mm/sec. 

 

 
(a) 

 
(b) 

 
Fig. 12. Comparison of load-stroke curve between experimental and 
simulated results at V2=0.8mm/sec: (a) Material A, T=925℃ and (b) 
Material B, T=975℃. 
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 Table 3. Process conditions of the experiment and the FE simulation. 
 

Material Temperature 
(℃) 

Compression velocity 
(mm/sec) 

Friction factor 
(mf) 

Material Temperature 
(℃) 

Compression velocity  
(mm/sec) 

Friction factor 
(mf) 

A 925 0.8 0.5928 B 975 0.8 0.6082 
 
 Table 4. Process conditions of the experiment and FE simulation (cylinder specimen). 
 

Material Temperature 
(℃) 

Compression  
velocity (mm/sec) 

Friction factor 
(mf) 

Material Temperature 
(℃) 

Compression  
velocity (mm/sec) 

Friction 
factor (mf) 

900 0.8 0.5836 B 950 0.8 0.6070 
925 0.8 0.5928  975 0.8 0.6082 A 
950 0.8 0.6020  1000 0.8 0.6093 

 
 Measured Predicted   Measured Predicted 

A 27.701 mm 27.699 mm  A 27.601 mm 27.706 mm 
B 28.638 mm 28.629 mm  B 28.757 mm 28.768 mm 

                                                                      (a)                                                                                                (b) 
 
Fig. 13. Comparison of barreling shape between experimental and simulated results. 
 

 
(a) 

 
(b) 

 
Fig. 14. Comparison of load-stroke curve between experimental and simulated results at V2=0.8mm/sec: (a) Material A and (b) Material B. 
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compared with the FE simulation results to judge the validity 
of the flow stress and the interfacial friction condition ob-
tained from Sec. 5.1.. 

First, ring compression tests were conducted under different 
temperature conditions. The process temperatures set for the 
middle values between the process temperatures of each mate-
rial are listed in Table 1. The flow stress used in the FE simu-
lation took advantage of a value to interpolate the flow 
stresses at two temperatures. Table 3 lists the process condi-
tions for the ring compression tests. The difference in load-
stroke data between the experimental and FE simulated results 
is defined as 

.exp. .

1 .exp .

1Difference(%) 100
Ns

i i sim

j i

F F
Ns F=

−
= ×∑ ,  (10) 

where Ns is the number of sampling points, while Fi.exp. and 
Fi.sim. are the experimental and FE simulated results, respec-
tively. Eq. (10) indicates whether the flow stresses and the 
interfacial friction conditions obtained from the ring compres-
sion tests are valid by presenting the difference in loads in the 
same stroke. Fig. 12 shows the compression of the experimen-
tal and simulated load-stroke curves. The differences calcu-
lated by Eqs . (10) were 2.85 and 3.65, respectively. These can 
be attributed to two reasons. The first reason is the error gen-

 
T= 900℃ T= 925℃ T= 950℃  

Measured Predicted Measured Predicted Measured Predicted 
A 19.281mm 19.701mm 19.262mm 19.640mm 19.235mm 19.565mm 
B 21.771mm 21.790mm 21.782mm 21.806mm 21.794mm 21.813mm 

 
Fig. 15. Comparison of barreling shape between measured and predicted barreling shape of the ring specimen at 50% compression for Material A: 
V2=0.8mm/sec. 

 
 

 
T= 950℃ T= 975℃ T= 1000℃  

Measured Predicted Measured Predicted Measured Predicted 
A 19.460mm 19.143mm 19.449mm 19.149mm 19.421mm 19.160mm 
B 21.773mm 21.750mm 21.783mm 21.755mm 21.794mm 21.757mm 

 
Fig. 16. Comparison of barreling shape between measured and predicted barreling shape of the cylinder specimen at 50% compression for Material 
A: V2=0.8mm/sec. 
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erated during the experiment. Although the experimental con-
ditions are set correctly, a small error is certain to exist. The 
second reason is the numerical error generated by interpolat-
ing the flow stress data. Therefore, the abundant flow stress 
data for various temperatures and velocity conditions were 
secured in order to obtain more accurate FE simulated results. 

Fig. 13 shows the comparison of the barreling shape of the 
deformed specimen between the experimental and FE simu-
lated results. It is concluded that the data obtained from the 
above ring compression tests are acceptable because the dif-
ference is small. In order to verify the above flow stress and 
interfacial friction condition, additional verifications were 
performed by conducting cylinder compression tests for the 
information obtained from the ring compression tests. 

The purpose is to judge the adequacy of the flow stress and 
the interfacial friction condition predicted from one experi-
ment. The overall process conditions, including the tempera-
tures, compression velocities, and friction factor, are listed in 
Table 4. The flow stress and the interfacial friction condition 
drawn by the ring compression test were used. Figure 14 
shows the comparison of the load-stroke curves between the 
experimental and FE simulated results of each material. In the 
case of Material A, the differences were 2.371, 2.849, and 
2.581, respectively. These results are reasonable since the 
average value was 2.603. The difference at 925°C is larger 
than that at other temperatures because a numerical error oc-
curred when using the flow stress data interpolated at 900 and 
950°C. In the case of Material B, the differences were 3.144, 
3.645, and 3.323, respectively. The average value was 3.371. 
This result is similar to that of Material A. Figs. 15 and 16 
show the comparison of the results of the barreling shape of 
the deformed specimen between the experiments and FE 
simulations according to the temperature. The figures indicate 
that experimental results are similar to the FE simulated re-
sults. The flow stress and the interfacial friction condition 
determined from the ring compression tests are valid. 

Although the materials were the same, the flow stress of the 
materials can be differentiated according to the type of proc-
esses. For example, if the flow stress drawn by the simple 
compression tests was applied to the FE simulation of proc-
esses, such as the cutting or tension, some errors of the results 
can be generated. However, as in conducting a FE simulation, 
an error of this kind is generated inevitably. Therefore, in or-
der to reduce the error that causes the inaccuracy of the FE 
simulated results, the abundant flow stress data should be se-
cured according to various temperatures and velocity condi-
tions. 
 

6. Conclusions 

In this study, the flow stress of some materials and the inter-
facial friction condition were predicted by using the ring com-
pression test and inverse analysis. It was verified that the pre-
dicted flow stress and interfacial friction condition are reason-
able by applying them to cylinder compression tests. The fol-

lowing conclusions were drawn from this study: 
It is difficult to describe the deformation behavior because 

metal forming processes in hot working conditions are ac-
companied by phenomena such as dynamic recrystallization 
and recovery. In this study, the reliability of the flow stress 
function was verified by applying the information obtained 
from the ring compression test to the cylinder compression 
test. Therefore, it was concluded that the flow stress function 
suitably describes the deformation behavior of materials. 

Inverse analysis is used to determine the flow stress and the 
interfacial friction condition. Its advantages are the determina-
tion of the flow stress and interfacial friction condition from 
one set of experiments, and thus it is simple and fast. In addi-
tion, it was verified that if the object function and the flow 
stress function are appropriate in the mathematical and physi-
cal aspects, results of the inverse analysis are quite reasonable 
without considering the microstructural data of materials. 

Based on the result of the flow stress function used in the 
study being suitable for describing the deformation behavior 
of materials in hot working conditions, research about materi-
als without the suitable flow stress data, such as high strength 
aluminum, magnesium alloys, and glass, will be required in 
the future. 
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